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Abstract
Two kinds of order ideals, namely, the n-prime ideals and k-closed ideals of a poset are introduced and shown to be equivalent in
the sense that an order-ideal is (n + 1)-prime if and only if it is n-closed. Also a prime radical theorem for these ideals is proved.
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1. Introduction
Throughout this paper, (P, ) denotes a poset. For M ⊆ P , let L(M) := {x ∈ P | xm for all m ∈ M} denotes
the lower cone of M in P, and dually let U(M) := {x ∈ P | mx for all m ∈ M} be the upper cone of M in P.
For A,B ⊆ P we shall write L(A,B) instead of L(A∪B) and dually for upper cones. If M = {x1, . . . , xn} is ﬁnite,
then we use the notation L(x1, . . . , xn) instead of L({x1, . . . , xn}) (and dually).
Finally, for M ⊆ P we write LU(M) instead of L(U(M)) and dually.
For a, b ∈ P , denote a ∧ b (a ∨ b) the inﬁmum (supremum) of a and b if it exists.
We now introduce the notions of n-prime ideals and k-closed ideals of (P, ).
By an ideal we mean a non-empty subset I ⊆ P such that if b ∈ I and ab, then a ∈ I . Note that these ideals are
equivalently called order-ideals or downsets [5].
We call I a Frink ideal of P if, moreover, whenever x1, . . . , xn ∈ I and x1∨· · ·∨xn exists in P, then x1∨· · ·∨xn ∈ I .
It is not hard to ﬁnd examples of order ideals which are not Frink ideals.
An ideal I is called prime if L(x1, . . . , xn) ⊆ I implies xi ∈ I for some i ∈ {1, . . . , n}.
By a prime poset we mean a poset (P, ) such that for any x1, . . . , xn ∈ P , if x1 ∨ · · · ∨ xn exists, then for any
x ∈ P ,
LU(L(x, x1), . . . , L(x, xn)) = LU(x, x1 ∨ · · · ∨ xn).
Recall that a poset is distributive (see [1,6,8]) if
L(x,U(x1, . . . , xn)) = LU(L(x, x1), . . . , L(x, xn))
holds for all x, x1, . . . , xn ∈ P .
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Note that prime posets and distributive posets are closely related, more precisely, every distributive poset is prime
but not conversely. Prime ideals and prime Frink ideals of prime semilattices and semilattices were studied in [4].
We also introduce the notion of k-closed ideals and we shall show that both n-primeness and k-closedness are useful
in classifying the structure of posets or semilattices, as the former deals with multiplicative properties and the latter
with expansive properties.
Our main result here is to link these two concepts by showing that an ideal is k-closed if and only if it is (k+1)-prime.
It is well known in the ring and semigroup theory that the algebraic radical of an ideal can always be expressed as the
intersection of completely prime ideals containing it (this result is usually called the prime radical theorem). A similar
result for semilattices was proved by Shum [7] in 2000 and we shall show that his result can be formulated also for
posets.
2. n-prime ideals
We ﬁrst deﬁne extensions of ideals and prove some basic results which will be useful throughout the paper.
Deﬁnition. Let I be an ideal of (P, ). By the extension of I by x ∈ P is meant the set
〈x, I 〉 := {a ∈ P | L(a, x) ⊆ I }.
It is easily seen that 〈x, I 〉 is always an ideal, but not necessarily a Frink or a strong ideal. Also, it is evident that
I ⊆ 〈x, I 〉 for each x ∈ P . That is why we call 〈x, I 〉 an extension of I, see also [2–4].
For next considerations we shall need the following notions. We call an ideal I normal wheneverLU(I)=I , i.e. when
I is a cut in (P, ). By a strong ideal we mean an ideal I for which LU(x1, . . . , xn) ⊆ I whenever x1, . . . , xn ∈ I .
An ideal I is called perfect if every extension of I is a Frink ideal, i.e. if 〈x, I 〉 is a Frink ideal for each x ∈ P .
Lemma 1. Every perfect ideal is a Frink ideal.
Proof. Assume that I is a perfect ideal, and by the way of contradiction let x1 ∨ · · · ∨ xn exists and x1 ∨ · · · ∨ xn /∈ I
for some x1, . . . , xn ∈ I . This gives x1 ∨ · · · ∨ xn /∈ 〈x1 ∨ · · · ∨ xn, I 〉, but by assumption, 〈x1 ∨ · · · ∨ xn, I 〉 is a
Frink ideal. This yields xi /∈ 〈x1 ∨ · · · ∨ xn, I 〉 for some i ∈ {1, . . . , n}, i.e. L(xi, x1 ∨ · · · ∨ xn)I . But xi ∈ I yields
L(xi, x1 ∨ · · · ∨ xn) = L(xi) ⊆ I , a contradiction. 
Theorem 1. A poset (P, ) is prime if and only if all extensions of normal ideals of P are Frink ideals.
Proof. (⇒)Assume that P is a prime poset, let I be a normal ideal of P, let x1, . . . , xn ∈ 〈x, I 〉 for some x1, . . . , xn ∈ P
and let x1 ∨ · · · ∨ xn exists. Then L(x, x1), . . . , L(x, xn) ⊆ I = LU(I), and by primeness of P,
L(x, x1 ∨ · · · ∨ xn) = LU(L(x, x1), . . . , L(x, xn)) ⊆ LU(LU(I)) = LU(I) = I .
Hence x1 ∨ · · · ∨ xn ∈ 〈x, I 〉 proving that 〈x, I 〉 is a Frink ideal.
Conversely, suppose that 〈x, I 〉 is a Frink ideal for every normal ideal I and each x ∈ P . Suppose further that
x1 ∨ · · · ∨ xn exists, and denote M = U(L(x, x1), . . . , L(x, xn)).
Let g ∈ M be an arbitrary element (note that M 
= ∅ since e.g. x ∈ M).
Then L(x, x1), . . . , L(x, xn) ⊆ L(g), thus x1, . . . , xn ∈ 〈x, L(g)〉. Evidently, L(g) is a normal ideal, hence by
assumption also x1 ∨ · · · ∨ xn ∈ 〈x, L(g)〉, i.e. L(x, x1 ∨ · · · ∨ xn) ⊆ L(g). Since the above inclusion holds for every
g ∈ M , we have also
L(x, x1 ∨ · · · ∨ xn) ⊆ ∩{L(g) | g ∈ M} = L(M) = LU(L(x, x1), . . . , L(x, xn)).
The converse inclusion holds trivially, thus we have equality
L(x, x1 ∨ · · · ∨ xn) = LU(L(x, x1), . . . , L(x, xn))
proving that P is prime. 
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For distributive posets we can prove the following characterization theorem:
Theorem 2. A poset P is distributive if and only if extensions of normal ideals of P are strong ideals.
Proof. LetP be distributive, x, x1, . . . , xn ∈ P , and let x1, . . . , xn ∈ 〈x, I 〉 for some normal ideal I. ThenL(x, x1), . . . ,
L(x, xn) ⊆ I , hence also
L(x,U(x1, . . . , xn)) = LU(L(x, x1), . . . , L(x, xn)) ⊆ LU(I) = I .
This means that for each g ∈ LU(x1, . . . , xn) we have
L(x, g) ⊆ L(x,U(x1, . . . , xn)) ⊆ I ,
hence LU(x1, . . . , xn) ⊆ 〈x, I 〉 and 〈x, I 〉 is a strong ideal.
Conversely, let extension of each normal ideal of P be a strong ideal. Denote M = U(L(x, x1), . . . , L(x, xn)) for
some x, x1, . . . , xn ∈ P . Then for each g ∈ M ,
L(x, x1), . . . , L(x, xn) ⊆ L(g),
thus x1, . . . , xn ∈ 〈x, L(g)〉.
Since L(g) is a normal ideal, by assumption 〈x, L(g)〉 is a strong ideal, i.e. LU(x1, . . . , xn) ⊆ 〈x, L(g)〉 for each
g ∈ M , i.e.
L(x,U(x1, . . . , xn)) ⊆ ∩{L(g); g ∈ M} = LU(L(x, x1), . . . , L(x, xn)).
The opposite inclusion holds trivially, thus P is distributive. 
Proposition 1. Every extension of a prime ideal is a prime ideal.
Proof. Let I be a prime ideal, x ∈ P and L(x1, . . . , xn) ⊆ 〈x, I 〉 for some x1, . . . , xn ∈ I . Then L(x, x1, . . . , xn) ⊆ I .
We have 〈x, I 〉=P whenever x ∈ I , hence 〈x, I 〉 is in this case prime. If x /∈ I , then by primeness of I, xi ∈ I ⊆ 〈x, I 〉
for some i ∈ {1, . . . , n}, ﬁnishing the proof. 
We now deﬁne a class of n-prime ideals in posets:
Deﬁnition. An ideal I is called n-prime if for pairwise distinct elements x1, . . . , xn ∈ P , if L(x1, . . . , xn) ⊆ I , then
at least (n − 1) of n-subsets
L(x2, x3, . . . , xn), L(x1, x3, . . . , xn), . . . , L(x1, x2, . . . , xn−1)
is a subset of I.
As a special case we get I is 2-prime iff x1 ∈ I or x2 ∈ I whenever L(x1, x2) ⊆ I .
We shall show that n-prime ideals form a hierarchy:
Theorem 3. If I is n-prime ideal of P, then it is also (n + 1)-prime.
Proof. Let x1, . . . , xn, xn+1 be pairwise distinct elements of P and let L(x1, . . . , xn+1) ⊆ I . Assume further that
L(x1, . . . , xn)I . We have to show that
() L(x2, x3, . . . , xn+1), L(x1, x3, . . . , xn+1), . . . , L(x1, x2, . . . , xn−1, xn+1) ⊆ I ,
i.e. lower cones of all the subsets containing the remaining element xi+1 belong to I.
Since I is an ideal and L(x1, . . . , xn)I , also L(x1, . . . , xn−1)I (due to L(x1, . . . , xn−1) ⊇ L(x1, . . . , xn)).
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Let g ∈ L(xn, xn+1) 
= ∅ be an arbitrary element. We have g /∈ {x1, . . . , xn−1}, since in the opposite case g = xi
(i = 1, . . . , n − 1) and L(g) = L(xi) ⊆ L(xn, xn+1) would hold, hence also
L(x1, . . . , xn+1) = L(x1, . . . , xi−1, xi+1, . . . , xn−1) ∩ L(xi) ∩ L(xn, xn+1) = L(x1, . . . , xn−1) ⊆ I ,
a contradiction.
Moreover, we have L(x1, . . . , xn−1, g) ⊆ L(x1, . . . , xn, xn+1) ⊆ I . Since I is n-prime and {x1, . . . , xn−1, g} is an
n-element set, then with respect to L(x1, . . . , xn−1)I we deduce
() L(x2, . . . , xn−1, g), L(x1, x3, . . . , xn−1, g), . . . , L(x1, . . . , xn−2, g) ⊆ I
for each g ∈ L(xn, xn+1).
Assume now that L(x2, . . . , xn−1, xn, xn+1)I , i.e. that there is  ∈ L(x2, . . . , xn−1) ∩ L(xn, xn+1) with  /∈ I .
Then  ∈ L(x2, . . . , xn−1, ) and by (),  ∈ I , a contradiction. This proves L(x2, . . . , xn−1, xn, xn+1) ⊆ I .
Analogously one can prove
L(x1, x3, . . . , xn, xn+1), . . . , L(x1, . . . , xn−1, xn+1) ⊆ I ,
and () holds.
If L(xn, xn+1) = ∅, then all the subsets in () but L(x1, . . . , xn−1, xn+1) are empty, and hence included in I. In
case L(xn−1, xn+1) = ∅ also L(x1, . . . , xn−1, xn+1) = ∅, and we are done. If L(xn−1, xn+1) 
= ∅, we interchange the
elements xn and xn−1 and use the same arguments as before to prove that () holds. 
The following theorem gives a sufﬁcient condition for an ideal to be n-prime:
Theorem 4. Let I be an ideal, n3. If 〈x, I 〉 is (n − 1)-prime for each x ∈ P \I , then I is n-prime.
Proof. Let x1, . . . , xn be pairwise distinct elements of P, L(x1, . . . , xn) ⊆ I , and let L(x2, . . . , xn)I . To show that I
is n-prime we have to verify that the lower cones of all (n− 1)-element subsets of {x1, . . . , xn} containing the element
x1 belong to I.
Let g ∈ L(x1, . . . , xn−1). Then L(g, xn) ⊆ L(x1, . . . , xn) ⊆ I , hence L(x1, . . . , xn−1) ⊆ 〈xn, I 〉. Further,
L(x2, . . . , xn−1) /∈ 〈xn, I 〉, otherwise L(x2, . . . , xn) ⊆ I . This means that there exists  ∈ L(x2, . . . , xn−1),  ∈ L(xn),
but  /∈ I . Evidently  /∈ 〈xn, I 〉. Since {x1, . . . , xn−1} are (n − 1) distinct elements of P with L(x1, . . . , xn) ⊆ 〈xn, I 〉
and L(x2, . . . , xn−1)〈xn, I 〉, by (n − 1)-primeness of 〈xn, I 〉 we derive
L(x1, . . . , xn−1), L(x1, x3, . . . , xn−1), . . . , L(x1, x2, . . . , xn−2) ⊆ 〈xn, I 〉,
which also gives
L(x1, . . . , xn−1, xn), L(x1, x3, . . . , xn), . . . , L(x1, . . . , xn−2, xn) ⊆ I ,
and I is n-prime. 
The converse of Theorem 4 does not hold in general, but we have:
Theorem 5. If I is 3-prime, then 〈x, I 〉 is 2-prime for each x ∈ P \I .
Proof. Assume L(y, z) ⊆ 〈x, I 〉 for y 
= z, y, z ∈ P, x /∈ I . Then L(x, y, z) ⊆ I . Assume further y /∈ 〈x, I 〉, i.e.
L(x, y)I . Then we have x 
= z, otherwise L(x, y, z) = L(x, y) ⊆ I , a contradiction.
With respect to x, y, two possibilities can occur:
if x = y, then L(x, y, z) = L(x, z) ⊆ I , thus z ∈ 〈x, I 〉;
if x 
= y, then x, y, z are pairwise distinct and by 3-primeness of I, L(x, z) ⊆ I , i.e. z ∈ 〈x, I 〉. In both cases we
have z ∈ 〈x, I 〉 which veriﬁes that 〈x, I 〉 is 2-prime. 
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Denote by Spec(I ) the spectrum of I, i.e. the set of all 2-prime ideals containing I. The following statement can be
regarded as the prime radical theorem for ideals in posets:
Theorem 6. Let I be an ideal of P. Then I = ∩{J | J ∈ Spec(I )}.
Proof. For x /∈ I , let J be a maximal ideal containing I and not containing x. Then I ⊆ J ⊆ 〈x, J 〉 and x /∈ 〈x, J 〉
(otherwise x ∈ J ). By the maximality of J, J = 〈x, J 〉.
Now if b /∈ J , then b /∈ 〈x, J 〉, thus also x /∈ 〈b, J 〉 ⊆ J . Using maximality of J again we conclude 〈b, J 〉 = J .
We shall show that J is a 2-prime ideal. Indeed, L(a, b) ⊆ J yields a ∈ 〈b, J 〉. Hence, if b /∈ J , then by the previous
arguments a ∈ 〈b, J 〉 = J , and J is 2-prime.
We have proved that for each x /∈ I there is a 2-prime ideal J with x /∈ J , and we are done. 
Recall that a poset P is prime if and only if all extensions of normal ideals of P are Frink ideals. In other words, P
is prime if and only if every normal ideal is perfect. Analogously, we have proved in Theorem 2 that distributivity is
equivalent with the condition that every extension of a normal ideal is a strong ideal. Using the fact that all the ideals
J that occur in the proof of Theorem 6 are extensions, we obtain
Corollary 1. A poset P is prime if and only if every normal ideal of P is the intersection of all 2-prime Frink ideals
containing it.
A poset P is distributive if and only if every normal ideal of P is the intersection of all 2-prime strong ideals containing
it.
Moreover, if P is a lattice, then clearly P is prime if and only if P is a distributive lattice. Frink as well as strong
ideals in lattices are just lattice ideals, hence we have
Corollary 2. A lattice L is distributive if and only if every normal ideal of L is the intersection of all 2-prime ideals
containing it.
3. k-closed ideals
In this section we shall introduce the concept of k-closed ideals (k1) in posets and we show that the k-closedness
property is the same as (k + 1)-primeness:
Deﬁnition. An ideal I of P is said to be 1-closed if 〈x, I 〉 = I for each x ∈ P \I .
To extend this deﬁnition to k-closed ideals we introduce the following notation: let x1, . . . , xk be a sequence of
distinct elements of P, I0 = I , Ii = 〈xi, Ii−1〉 for i = 1, . . . , k. It is clear that the sets Ii form an ascending chain, i.e.
I0 ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Ik .
Obviously we have x ∈ Ii = 〈xi, Ii−1〉 ⇔ L(x, xi) ⊆ Ii−1 = 〈xi−1, Ii−2〉 ⇔ · · · ⇔ L(x1, . . . , xi, x) ⊆ I0 = I .
In view of this equivalence, the notion of a k-closed ideal can be deﬁned as follows:
Deﬁnition. An ideal I of P is said to be k-closed if for every sequence x1, . . . , xk of distinct elements with xi /∈ Ii−1
for i = 1, . . . , k, the ascending chain of ideals I = I0 ⊆ I1 ⊆ · · · ⊆ Ik = Ik−1, i.e. if any strictly ascending chain of Ii
terminates at or before the (k − 1)th step.
We shall investigate the relationship between k-closedness and n-primeness of ideals.
Theorem 7. If I is a (k + 1)-prime ideal of P, then I is k-closed.
Proof. We have to show Ik = Ik−1 for any strictly ascending chain of extensions of I. Since xi /∈ Ii−1 for all i =
1, . . . , k − 1, we have L(x1, . . . , xk)I . Further x ∈ Ik implies L(x1, . . . , xk, x) ⊆ I .
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Since L(x1, . . . , xk, xi) = L(x1, . . . , xk)I , we conclude that no xi belongs to Ik . Hence, if x ∈ Ik , then the
(k + 1)-elements {x1, . . . , xk, x} are distinct and L(x1, . . . , xk, x) ⊆ I .
Since I is (k + 1)-prime, all but at most one of lower cones of k-elements of {x1, . . . , xk, x} belong to I. Moreover,
we have L(x1, . . . , xk)I , thus
L(x2, . . . , xk, x) ⊆ I, . . . , L(x1, . . . , xk−1, x) ⊆ I ,
which means x ∈ Ik−1. Thus each x ∈ Ik belongs to Ik−1, and Ik = Ik−1. 
Theorem 8. If I is a k-closed ideal of P, then I is (k + 1)-prime.
Proof. Let x1, . . . , xk+1 be distinct elements of P, let L(x1, . . . , xk+1) ⊆ I and L(x1, . . . , xk)I . Then for the
sequence x1, . . . , xk we have
x1 /∈ I, x2 /∈ 〈x1, I 〉 = I1, . . . , xk /∈ 〈xk−1, Ik−2〉 = Ik−1.
Since I is k-closed, Ik=Ik−1. Hence fromL(x1, . . . , xk+1) ⊆ I we deduce xk+1 ∈ Ik=Ik−1. Interchanging the elements
xi and xk for each 1 ik − 1 in the sequence x1, . . . , xk , we also obtain L(x1, . . . , xi−1, xi+1, . . . , xk, xk+1) ⊆ I
for each i = 1, . . . , k − 1. Hence I is (k + 1)-prime. 
Now as a direct consequence of Theorem 3 and Theorem 8 we have that also k-closed ideals form a hierarchy:
Corollary 3. If I is a k-closed ideal of P, then I is also (k + 1)-closed.
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